Abstract. In this paper, we classify a Hopf hypersurface in a nonflat complex space form whose Levi-form is parallel with respect to the generalized Tanaka-Webster connection.
Introduction
Let U = (un, J, g) be a complex n-dimensional Kahlerian manifold with complex structure J and Kahlerian metric g. Let (i) each fiber ~ (x E M) is of complex dimension n -I, (ii) YfnJ¥={O}, (iii) [Yf, Yf) c Yf (integrability). Furthermore, we have CD = Yf EEl J¥. We call {D,J} the real representation of Yf. Then for {D,J} we define the Levi form by where $>(M) denotes the algebra of differentiable functions on M. If the Levi form is hermitian, then the CR-structure is called pseudo-hermitian, in addition, in the case that the Levi form is non-degenerate (positive or negative definite, resp.), then the CR structure is called a non-degenerate (strongly pseudo-convex, resp.) pseudo-hermitian CR structure. Recently, Y. T. Siu [14] proved the nonexistence of compact smooth Levi-flat hypersurfaces in complex projective spaces of dimension ~ 3. Here, it is remarkable that the assumption of compactness in Siu's theorem has a crucial role. Actually, there are non-complete examples which are Levi-flat in a complex projective space (see section 2). Anyway, the examples of Levi-flat hypersurfaces which are known so far are not Hopf. In this situation, we prove that there does not exist a Levi-flat Hopf hypersurface (Theorem 3).
On the other hand, the Tanaka-Webster connection ( [19] , [20] ) is defined as a canonical affine connection on a pseudo-hermitian, non-degenerate, integrable CR manifold. For contact metric manifolds, their associated almost CR structures are pseudo-hermitian and strongly pseudo-convex, but they are not in general integrable. For a non-zero real number k, the author [7] defined the generalized VxZ) for any X, Y, ZED. Then we say that M is Levi-parallel with respect to the g. -Tanaka-Webster connection or shortly Levi-parallel 
for any vector fields X, Y,Z E D. We note that a Levi-flat hypersurface is Leviparallel (see (2) in Remark 1).
A complex n-dimensional complete and simply connected Kahlerian manifold of constant holomorphic sectional curvature c is called a complex space form, which is denoted by iiIn (c). A complex space form consists of a complex projective space PnC, a complex Euclidean space EnC or a complex hyperbolic space HnC, according as c> 0, c = 0 or c < o. R. Takagi [16, 17] classified the homogeneous real hypersurfaces of PnC into six types. T. E. Cecil and P. J. Ryan [6] extensively studied a real hypersurface whose structure vector ~ is a principal curvature vector, which is realized as tubes over certain submanifolds in PnC, by using its focal map. A real hypersurface of a complex space form is said to be a Hopf hypersurface if its structure vector is a principal curvature vector. By making use of those results and the mentioned work of R. Takagi, M. Kimura [9] proved the local classification theorem for Hopf hypersurfaces of P nC whose all principal curvatures are constant. For the case HnC, J. Berndt [3] proved the classification theorem for Hopf hypersurfaces whose all principal curvatures are constant.
The main purpose of the present paper is to classify real hypersurfaces of Mn(c), c#-O whose Levi form is parallel with respect to the generalized Tanaka 
The Generalized Tanaka-Webster Connection for Real Hypersurfaces
In this paper, all manifolds are assumed to be connected and of class Ceo and the real hypersurfaces are supposed to be oriented. First, we give a brief review of several fundamental concepts and formulas on almost contact structure. An odddimensional smooth manifold M2n+1 has an almost contact structure if it admits a vector (, a I-form '1 and a (l,l)-tensor field rp satisfying
Then there exists a compatible Riemannian metric g:
for all vector fields X and Y on M. We call ('1,~, rp, g) an almost contact metric structure of M and M = (M;'1,~,rp,g) an almost contact metric manifold. For an almost contact metric manifold M we define its fundamental 2-form <l> by
M is called a contact metric manifold. We refer to [4) on contact metric geometry for more detail.
For an almost contact metric manifold M, the tangent space TpM of M at each point p EM is decomposed as TpM = Dp EB {<;}p (direct sum), where
is called a pseudo-hermitian CR structure and in addition, if its Levi form is non-degenerate (positive or negative definite, resp.),
is called a non-degenerate (strongly pseudo-convex, resp.) pseudohermitian CR structure. Moreover, if the following conditions are satisfied:
ijJ] is the Nijenhuis torsion of ijJ, then the pair (ry, ijJ)
is called a pseudo-hermitian, non-degenerate, (strongly pseudo-convex, resp.) integrable CR structure associated with the almost contact metric structure (1'/,~, rp, g). In particular, for a contact metric manifold its associated CR structure is pseudo-hermitian, strongly pseudo-convex but is not in general integrable. For further details about CR structures, we refer for example to [2] , [5] The Tanaka-Webster connection ( [19] , [20] ) is the canonical affine connection defined in a non-degenerate integrable CR manifold. Tanno ([18] ) defined the generalized Tanaka-Webster connection for contact metric manifolds by the canonical connection which coincides with the Tanaka-Webster connection if the associated almost CR structure is integrable. We define the generalized TanakaWebster connection (in short, the g.-Tanaka-Webster connection) for real hypersurfaces of Kahlerian manifolds by the naturally extended one of Tanno's generalized Tanaka-Webster connection for contact metric manifolds.
We recall Tanno's generalized Tanaka-Webster connection V for contact metric manifolds:
Taking account of (2.3), the g.-Tanaka-Webster connection for real hypersurfaces of Kahlerian manifolds, which is denoted by the same symbol V as the one for contact metric manifolds, is naturally defined by (cf. [7] )
where k is a non-zero real number. We put 
Real Hypersurfaces of a Complex Space Form
Let M = Mn(c) be a non-flat complex space form of constant holomorphic sectional curvature c( -# 0) and let M a real hypersurface of M. Then we have the following Gauss and Codazzi equations:
for any tangent vector fields X, Y, Z on M. We now suppose that M is a Hopf hypersurface, that is, AC; = etc;. Then we already know that et is constant (see [8] (1) Together with Proposition 1, we see that the almost contact metric structure on M which appears in the above theorem is a contact metric structure only for the very special case determined by k = ±1, where ± depends on the orientation. More precisely, with the help of the tables in [3] and [16] , we see that the almost contact metric structures are contact metric only for a geodesic hypersphere of radius ~ in PnC, for a horosphere in HnC. Hence for real hypersurfaces appearing in Theorem 4, except those just mentioned, they do not admit contact structure but their associated CR structures are pseudo-hermitian, strongly pseudo-convex and further the g.-Tanaka-Webster connection V defined on them coincides with the Tanaka-Webster connection.
(2) From (2.6), it follows that Levi-flat hypersurface is Levi-parallel. Leaving the Levi-flat case aside, we find that real hypersurfaces stated in Theorem 4 are also Levi-parallel.
We prepare some more results which are needed to prove our Main Theorem. THEOREM 
([9]). Let M be a Hopf hypersurface of pnc. Then M has constant principal curvatures if and only if M is locally congruent to one of the following:
(Ad a geodesic hypersphere of radius r, where 0 < r < I' A2) and (B) ; (II) In case that Mn(c) = HnC, then M is locally congruent to one of real hypersurfaces of type (Ao), (Ad, (A2) and (B) .
Levi-parallel Hopf Hypersurfaces in a Complex Space Form
In this section we shall prove our Main Theorem. Suppose that M is a Levi-parallel Hopf hypersurface of a complex space form Mn(c) with respect to g.-Tanaka-Webster connection. Then by using (2.5) and (2.6) we have
for any vector fields X, Y, Z orthogonal to C; on M. It follows easily that
Together with (2.4), we have 
So we have
Similarly, by using (3.3), we have
From (4.2), (4.3) and (4.4) we obtain
Since a is constant, this shows that On the other hand, from (2.3) and (3.3) we find
2it -a for any unit vector Z E VA' From the above two equations, we obtain and (4.6) we see that it is constant. Next, in the case (ii) 2it = a, since al is constant, it must be constant. 
for any ZED, where X). denotes the VA-component of the vector X.
PROOF.
For X E V). and Y E V JL , we get
If we put X = ~1~~, then q;X E Vx and q; Y E Vji. Together with (2.2) we get
Suppose that M is Levi-parallel. Then from (4.2) we obtain (4.10)
From (4.7) and (4.10) we calculate the following: (4.11 ) .
(x+ 1)(x 2 + 1) For X E V;. I and Z E V;.3' by using (1) and (2) 
